Abstract-Several families of biorthogonal wavelet bases are constructed with various properties. In particular, for a given filter, F,,(t), of finite length 2n + 1, a parametric family of dual filters, F;;(E), of length 2N + 1 is constructed. The parametric nature of the dual filters makes it possible to design the optimum dual filter ;FN" (5) corresponding to a fixed filter 3,,(t).
INTRODUCTION
Recently, the growing interest in orthogonal wavelets is due, in great part, to their ability to represent wide classes of functions and operators without redundancy, and to the fast wavelet transform which makes possible the computer implementation of new, very efficient algorithms.
In pure mathematics, wavelets are used to characterize some functional spaces, such as P(P) for 0 < p < 00, Holder and Hardy spaces, etc., [l] . A proof by means of wavelets of the famous T(1) theorem of David and Journe [2] on the L2-continuity of a class of linear singular integral operators is found in [3, pp. 267-2781. In numerical analysis, wavelets are used as an efficient tool for the rapid numerical application of certain types of linear operators to arbitrary vector-valued functions [4] . They are also used in the numerical solution of partial differential equations by mean of finite element methods [l, pp. 57-601. They are widely and efficiently applied in engineering, for example, in sound analysis [5] , image processing [6-81 to cite but a few.
An orthonormal wavelet basis for L2(R) is a family of functions r&(z) = 2-j&j (2% -") , z E w, j, k E z, ( 
1.1)
The (nonsmooth) Haar basis [9] constitutes the first known wavelets. J. 0. Stromberg [lo] constructed the first orthonormal basis of the form (1.1) with a function $ of class Cm for an arbitray integer m. In 1985, Y. Meyer [ll] constructed an orthonormal wavelet basis which is an unconditional basis for various functional spaces. In [12] , P. G. Lemarie constructed a wavelet basis for J2(Wn) with bounded regularity, but with exponential decay. In 1988, Ingrid Daubechies [13] constructed orthonormal wavelet bases with compact support and arbitrarily high regularity.
We remark that the construction of the majority of useful wavelet bases is a consequence of the design of some 2n-periodic functions called wavelet filters by the signal processing community (see [14] in an early stage, and [15, 16] . Moreover, any wavelet filter with finite or infinite length is a finite impulse response (FIR) or infinite impulse response (IIR) filter, respectively.
In many applications [17, p. 113; 181 , it is necessary to use linear phase FIR filters. Unfortunately, such filters are impossible to design. On the other hand, biorthogonal wavelet bases provide us with compactly supported symmetric wavelets [19] . Biorthogonal wavelets are formed by a pair of families of dual (see Definition 2 below) wavelets, &k(z) and &k(z), derived from two mother wavelets, $J(z) and J(z), respectively, and such that any function f in L2(R) can be written in either forms:
Hence, f is decomposed by one family and reconstructed by the other. Ph. Tchamitchian [20] constructed the first family of biorthogonal wavelets. In [20] , it is shown that it is possible to construct symmetric biorthogonal wavelet bases with arbitrary high preassigned regularity.
In this work, biorthogonal wavelet bases are constructed by an approach which differs from the one used in [19] . By this new approach, it is possible to construct a new class of biorthogonal wavelet bases with the following remarkable properties: 0 symmetry, 0 compact support, 0 regularity, l the dual filter, corresponding to a fixed wavelet filter &(<), is given in parametric form. This paper is divided as follows. In Section 2, some necessary or sufficient conditions are stated for the construction of regular wavelets. In Section 3, we provide the numerical techniques for the construction of the wavelets and estimating their regularities and to extend a fixed family of biorthogonal wavelet filters to an infinite family. Numerical results are quoted in Section 4.
BIORTHOGONAL WAVELET BASES
In this section, we describe the fundamental steps of the construction of wavelet bases. The first step consists in designing a wavelet filter and constructing a scaling function. In the second step, the wavelets are constructed.
Preliminaries
An orthonormal wavelet basis {'$j,k;
is directly related to a multiresol,ution analysis (MRA) [21, 22] . Let V. E L2(W) be the subspace spanned by the orthonormal functions 4(z -k), k E Z. Define the space Vj obtained by dilating Vi by 2j, f E Vj * f (2j') E VI. :
In the biorthogonal case, we shall need two dual scaling functions 4(x), F(z) satisfying
NZ By using condition (2.7) and the techniques employed for proving Theorem 1 in [l, pp. 72-731, the reader can easily verify that the pair of functions
are (in general, nonorthonormal) dual wavelets assocated with the scaling functions 4(x), J(z). We remark that if the scaling functions, $jk and $bjk, and their corresponding wavelets, '$jk and $jkl are defined as in (l-l), then any f E L2(W), can be written in the forms [19] , is briefly summarized in the following subsection.
Necessary and Sufficient Conditions for the Existence of Biorthogonal Wavelet Bases
From now on, we assume that the coefficients, on and &, of ms and 60, respectively, as defined in (2.7), are real, satisfy the symmetry relations CY_, = on and i& = &, and are finite in number. The last assumption is equivalent to the compact support property of the constructed wavelets.
To construct a pair of dual scaling functions leading to a biorthogonal family of wavelets, we use an efficient method (see [19] ), which results from the biorthogonal version of the multiresolution analysis. This method is essentially based on (2.4) which implies that
To obtain scaling functions that lead to regular biorthogonal wavelets, the functions me(c) and Co(E) have to satisfy certain conditions.
In [19] , a set of conditions is provided on the dual 2n-periodic functions ms(c) and GO(<) and consequently on the corresponding filters which are given, respectively, by
These conditions insure that our biorthogonal wavelet bases have preassigned regularities. For completeness, we b_riefly summarize these conditions. It follows from the biorthogonality conditon (2.6) on d, and 4, that mc and fig satisfy the identity: Note that conditions (2.13) and (2.14) imply neither the biorthogonality of the scaling functions nor that these are in L2(W). However, a positive answer is provided by the following proposition.
PROPOSITION. Assume that both ma(c) and iiio(t) can be factored in the form:
where L, z > 1, and suppose, that for some k, k > 0, PROOF. See [19] . I
It has been shown (see [19] ) that if (2.18) and (2.19) are satisfied, then there exist two positive numbers, E, ?> 0, and a positive constant c such that
Now, by Theorem 3.8 in [19] , if mc(5) and i;ic(<) satisfy (2. Thus, the problem of constructing a biorthogonal wavelet basis has been reduced to the much easier problem of constructing 27r-periodic functions that satisfy conditions (2. belong to the Holder spaces F(R) and Cz(R), respectively, for all c < L -1 -log( Bk)/ log 2 and Z<L-1-log(B&log2.
In the previous sections, we have seen the basic theoretical steps for the construction of biorthogonal wavelet bases; however, our actual construction relies on the special approximation techniques described in the next section.
NUMERICAL TECHNIQUES FOR THE CONSTRUCTION OF BIORTHOGONAL WAVELETS
The aim of this section is to provide and justify the numerical techniques used in the construction of biorthogonal wavelet bases. In particular, we shall prove that it is possible to construct a pair of dual filters, such that the coefficients of one of them are given in parametric form. The idea of our numerical method for the construction of dual trigonometric polynomials is based on two major steps. The first step consists in the construction of a function, ms(,$), which satisfies the conditions of Section 2. In the second step, a dual function, GO(~), is determined in a straightforward way. Both steps are analyzed in detail in the following subsections.
The Construction of mo(<)
By using a result from [13] , one can easily see that if a 2n-periodic function, mo(<), satisfies the first parts of (2.17), (2.15), and (2.16), respectively, that is mo(<) = (q+F),
and (2.18) for some k > 0, then mo(<) is a candidate for generating a biorthogonal wavelet basis. Hence, let no 2 1 be a positive integer and consider the function
We note that the symmetry of mo(<), that is mo(-<) = mo(<), implies the symmetry of the associated wavelet. To have symmetric wavelets, we require that the coefficients on satisfy the following relations: cr, = CL,, 1 _< n I no.
From condition (3.1) at t = 0 and X, we derive the pair linear equations:
n=l n=l in the no + 1 unknowns c~j, j = 0, 1, . . . , no. By fixing no -1 of these, one obtains a unique solution to the system. It remains to verify condition (2.18). This verification, in general, is not easy and cannot be done explicitly. Hence, one resorts to numerical methods to find a good approximation to the upper bound of Bk.
We remark that the problem simplifies considerably if, instead of estimating &, we estimate the maximum of the absolute value of a piecewise polynomial which approximates the function (f(M2E)
. . . f (2k-'J) 1. Th is method, which turns out to be very efficient in our case, is given by the following theorem. 
The reader can easily check that if K = (1 + 2"-') 2k-2, then
By choosing the partition (3.11) where h is the size of the partition.
We shall use this technique whenever an approximation to the upper bound of a real function is required. In particular, we shall use it to decide whether or not the trigonometric function m0([) is a candidate for generating a biorthogonal wavelet basis.
The Construction of G&(t)
Once m0(<) is constructed, its dual, 60(c), is constructed in a straightforward way from the identitv (2.13): (3.12)
Since m0(0) = 1 and m0(~) = 0, then necessarily iho = 1.
(3.13)
If we require some regularity (at least continuity) on the wavelet q(z), then by an argument given in [13] , GO(<) also has to satisfy the condition:
(3.14)
It is trivial to see that if the two functions =o, l<n<nO+F-l, 40+22(-l)jflj =O, j=l (3.17) the solution of which are the coefficients of %0(E). The numerical method given in Remark 2 is then used to decide whether or not the dual trigonometric polynomial %0(t) generates a biorthogonal wavelet basis. Unlike other known methods for finding %0(E), this one has the interesting feature of providing an infinite family of dual filters all of the same length. In fact, it is possible to extend the solution of (3.17) in such a way as to generate an infinite set of dual filters all of the same length. This is given by the following theorem. Consequently, for all 6 No+2 E (lNo+2, LNo+2], there exists a dual trigonometric function of length No +2.
By repeating the above technique as many times ss required, one easily proves that there exist two real numbers, IN < LN, such that for all 6,~ E [IN, LN] , there exists a dual trigonometric function 66N (5) of length 2N + 1, the coefficients of which depend linearly on the parameter 6~'. Furthermore, mno (E) and 6~6~ (f) generate a biorthogonal wavelet basis. I
NUMERICAL RESULTS
The techniques of the previous section have been used to construct filters of length five, seven and nine, respectively. The coefficients of the dual of each filter are given in parametric form. Let mN(t) and GN(<) d enote the dual trigonometric functions that generate a set of biorthogonal wavelet bases. Here, the integer N stands for the number of vanishing moments [4] of the corresponding wavelets. Since, generally, the coefficients of ?%N(c) are given in parametric form, we have used the numerical techniques of the previous section to obtain an approximation to the range, [ZN, LN], of the parameter ~1, for which condition (2.19) is satisfied by ?%N(<).
To obtain the filters associated with mN([) and %A,(<), it suffices to multiply their coefficients by u/z.
The decay associated with the Fourier transform of a scaling function c$(z) is defined as the largest positive real number E such that, for some constant C, the following inequality holds: J 00 _-oo I&)1(1 + Irl)'& < c* In this case the scaling function 4(z) and the corresponding wavelet Q(z) are at least of class C'-'.
In Table 1 , we list the coefficients Q, of mu and @, of iii~(t), for N = 2, 4, 6.
In Table 2 , we give the range [1~,L,v] of the parameter 1-1 appearing in ;ii~(<) of Table 1, and list an estimate of the decays EN, TN associated with 4~ and &N, respectively, where the parameter p is set, respectively, to 1.0, 1.25 and 2.5. Eight iterations of the constructive cascade algorithm given in [25, pp. 202-2051 , produce a good approximation to the graphs of the scaling functions and the corresponding wavelets.
In Figures 1, 2 and 3 , we present three sets of graphs of $N(z), sN(z), @N(z), and &N(z), corresponding to N = 2, 4, and 6, respectively. In these figures, the parameter p was set to 1.0, 1.25, 2.5, respectively.
Lastly, in Figure 4 , the decays E(p), associated with the Fourier transforms zN(<), of the parametric scaling functions, are graphed against the parameter p, for N =2, 4, and 6, respectively. 
